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u to v in G, a contradiction. b) Suppose G = (V, E). Let
a,b € V. We must show that the distance between a and b
in G does not exceed 3. If {a, b} ¢ E, the result follows, so
assume that {a, b} € E. Because the diameter of G is greater
than or equal to 3, there exist vertices  and v such that the
distance in G between u and v is greater than or equal to 3.
Either u or v, or both, is not in the set {a, b}. Assume u is
different from both a and b. Either {a, u} € E or {b, u} € E;
otherwise a, u, b is a path of length 2 in G. So, without loss of
generality, assume {a, u} € E. Thus v is different from a and
from b.If {a, v} € E, thenu, a, visa path of length 2 in G, so
{a,v} ¢ E and thus {b, v} € E (or else there would be a path
a,v, boflength 2 in G). Hence, {u, b} ¢ E; otherwise u, b, v
isa path of length 2 in G. Thus, a, v, u, b is a path of length 3
inG,as desired. 41.a,b,e,z 43. a,c,b,d,e,z 45.1f
G is planar, then because e < 3v — 6, G has at most 27 edges.
(If G is not connected it has even fewer edges.) Similarly,
G has at most 27 edges. But the union of G and G is K1,
which has 55 edges, and 55 > 27+ 27.  47. Suppose that
G is colored with k colors and has independence number i.
Because each color class must be an independent set, each
color class has no more than i elements. Thus there are at most
ki vertices.  49. a) By Theorem 2 of Section 6.2, the proba-
bility of selecting exactly m edges is C(n, m)p™(1 — p)"™.
b) By Theorem 2 in Section 6.4, the expected value is np.
¢) To generate a labeled graph G, as we apply the process to
pairs of vertices, the random number x chosen must be less
than or equal to 1/2 when G has an edge between that pair
of vertices and greater than 1/2 when G has no edge there.
Hence, the probability of making the correct choice is 1/2 for
each edge and 1/2€? overall. Hence, all labeled graphs are
equally likely. ~ 51. Suppose P is monotone increasing. If the
property of not having P were not retained whenever edges are
removed from a simple graph, there would be a simple graph
G not having P and another simple graph G’ with the same
vertices but with some of the edges of G missing that has P.
But P is monotone increasing, so because G’ has P, so does
G obtained by adding edges to G'. This is a contradiction.
The proof of the converse is similar.

CHAPTER 10
Section 10.1

l.(a),(c),(e) 3.a)a b)a,b,c,d, f,h,j,q,t ¢)eg,
i,k,l,m,n,0,p,r,s,u dyg,r ec Hp g f ba
h)e, f,I,m,n 5.No 7.Level0:a;level 1:b,c,d;level 2:
e through £ (in alphabetical order); level 3: / through r; level 4:
s, t; level 5:u 9. a) The entire tree  b)c, g, h, 0, p and
the four edges cg, ch, ho, hp c¢)e alone 11.a)1 b)2
13.2)3 b)9 15. The “only if” part is Theorem 2 and the
definition of a tree. Suppose G is a connected simple graph
with n vertices and n — 1 edges. If G is not a tree, it contains,
by Exercise 14, an edge whose removal produces a graph G',
which is still connected. If G’ is not a tree, remove an edge to
produce a connected graph G”. Repeat this procedure until the
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result is a tree. This requires at most n — 1 steps because there
are only n — 1 edges. By Theorem 2, the resulting graph has
n — 1 edges because it has n vertices. It follows that no edges
were deleted, so G was already atree.  17.9999  19. 2000
21.999  23.1,000,000 dollars ~ 25. No such tree exists by
Theorem 4 because it is impossible for m = 2 or m = 84.

27. Complete binary tree of height 4:

Complete 3-ary tree of height 3:

29.a) By Theorem 3 it follows that n = mi + 1. Because
i+l=n, we have I=n—i, so I=(mi+1)—i=
(m—=1)i+1. b)We have n=mi+1 and i+1[=n.
Hence, i =n —1[. It follows that n = m(n —I) + 1. Solv-
ing for n gives n=(ml—1)/(m—1). From i=n—
I we obtain i = [(ml — 1)/(m — )] =1 =(—1)/(m —1).
3l.n—t 33.a)1 b)3 c¢)5 35.a)The parent direc-
tory b) A subdirectory or contained file ¢) A subdirec-
tory or contained file in the same parent directory ~d) All
directories in the path name e) All subdirectories and files
continued in the directory or a subdirectory of this directory,
and so on  f) The length of the path to this directory or file
g) The depth of the system, i.e., the length of the longest path
37.Let n = 2%, where k is a positive integer. I k = 1, there
is nothing to prove because we can add two numbers with
n—1=1 processor in log2 = 1 step. Assume we can add
n = 2* numbers in logn steps using a tree-connected net-
work of n — 1 processors. Let x1, xa, ..., Xz, be 2n = 2k+1
numbers that we wish to add. The tree-connected network of
2n — 1 processors consists of the tree-connected network of
n — 1 processors together with two new processors as chil-
dren of each leaf. In one step we can use the leaves of the
larger network to find x; + x2, x3 + X4, . .., X201 + X2p, giv-
ing us n numbers, which, by the inductive hypothesis, we
can add in log n steps using the rest of the network. Because
we have used logn + 1 steps and log(2n) = log2 + logn =
1 + log n, this completes the proof.  39.conly 41.cand
43. Suppose a tree T has at least two centers. Let # and v be
distinct centers, both with eccentricity e, with « and v not ad-
jacent. Because T is connected, there is a simple path P from
u to v. Let ¢ be any other vertex on this path. Because the
eccentricity of ¢ is at least e, there is a vertex w such that the
unique simple path from ¢ to w has length at least e. Clearly,
this path cannot contain both # and v or else there would be
a simple circuit. In fact, this path from ¢ to w leaves P and
does not return to P once it, possibly, follows part of P toward
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either u or v. Without loss of generality, assume this path does
not follow P toward u. Then the path from u to ¢ to w is sim-
ple and of length more than e, a contradiction. Hence, u and
v are adjacent. Now because any two centers are adjacent, if
there were more than two centers, T would contain K3, a sim-
ple circuit, as a subgraph, which is a contradiction.

45. I, T T A
A /<\
74 73
T;

47. The statement is that every tree with n vertices has a path
of length n — 1, and it was shown only that there exists a tree
with n vertices having a path of length n — 1.

Section 10.2
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jumps
dog Jump:
over

lazy

7. Atleast [log; 4] = 2 weighings are needed, because there
are only four outcomes (because it is not required to determine
whether the coin is lighter or heavier). In fact, two weighings
suffice. Begin by weighing coin 1 against coin 2. If they bal-
ance, weigh coin 1 against coin 3. If coin 1 and coin 3 are the
same weight, coin 4 is the counterfeit coin, and if they are not
the same weight, then coin 3 is the counterfeit coin. If coin 1
and coin 2 are not the same weight, again weigh coin 1 against
coin 3. If they balance, coin 2 is the counterfeit coin; if they
do not balance, coin 1 is the counterfeit coin. 9. At least
[log; 13] = 3 weighings are needed. In fact, three weighings
suffice. Start by putting coins 1, 2, and 3 on the left-hand side
of the balance and coins 4, 5, and 6 on the right-hand side.
If equal, apply Example 3 to coins 1, 2, 7, 8, 9, 10, 11, and
12. If unequal, apply Example 3 to 1, 2, 3, 4, 5, 6, 7, and 8.
11. The least number is five. Call the elements a, b, ¢, and d.
First compare a and b; then compare ¢ and d. Without loss
of generality, assume that a < b and ¢ < d. Next compare a
and c. Whichever is smaller is the smallest element of the set.
Again without loss of generality, suppose a < c. Finally, com-
pare b with both c and d to completely determine the ordering.
13. The first two steps are shown in the text. After22 has been
identified as the second largest element, we replace the leaf 22
by —oo0 in the tree and recalculate the winner in the path from
the leaf where 22 used to be up to the root. Next, we see that 17
is the third largest element, so we repeat the process: replace
the leaf 17 by —oo and recalculate. Next, we see that 14 is the
fourth largest element, so we repeat the process: replace the
leaf 14 by —co and recalculate. Next, we see that 11 is the fifth
largest element, so we repeat the process: replace the leaf 11
by —oo and recalculate. The process continues in this manner.
We determine that 9 is the sixth largest element, 8 is the sev-
enth largest element, and 3 is the eighth largest element. The
trees produced in all steps, except the second to last, are shown
here.
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15. The value of a vertex is the list element currently there,
and the label is the name (i.c., location) of the leaf responsible
for that value.
procedure tournament sort(ay, ..., a,)
k := [logn]
build a binary tree of height &
fori:=1ton
set the value of the ith leaf to be g; and its label to
be itself
fori :=n+1to2*
set the value of the ith leaf to be —o0 and its label to
be itself "
fori :=k — 1 downto 0
for each vertex v at level i
set the value of v to the larger of the values of its
children and its label to be the label of the child
with the larger value
fori:=1ton
begin
¢; := value at the root
let v be the label of the root
set the value of v to be —oo
while the label at the root is still v
begin
v = parent(v)
set the value of v to the larger of the values of its
children and its label to be the label of the child
with the larger value
end
end {cy, ..., c, is the list in nonincreasing order}
17.k — 1, wheren = 2¢ 19. a) Yes b)No ¢) Yes d) Yes
21.4: 000, e: 001, i: 01, k: 1100, o: 1101, p: 11110, u: 11111
23.a: 11; b: 101; c: 100; d: 01; e: 00; 2.25 bits (Note: This
coding depends on how ties are broken, but the average num-
ber of bits is always the same.) ~ 25. There are four possible
answers in all, the one shown here and three more obtained
from this one by swapping t and v and/or swapping u and w.

27.A:0001; B:101001; C:11001; D:00000; E:100;
F:001100; G:001101; H:0101; 1:0100; J:110100101;
K:1101000; L:00001; M:10101; N:0110; 0:0010; P:101000;
Q:1101001000; R:1011; S:0111; T:111; U:00111; V:110101;
W:11000; X:11010011; Y:11011; Z:1101001001  29. A:2;
E:1;N:010;R:011; T:02; Z:00 31.n  33. Because the tree
is rather large, we have indicated in some places to “see text.”
Refer to Figure 9; the subtree rooted at these square or circle
vertices is exactly the same as the corresponding subtree in
Figure 9. First player wins.
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35.a)$1 b)$3 c¢)—$3 37. See the figures shown next.
a)0 b)0 c¢)1 d) This position cannot have occurred in
a game; this picture is impossible.

0 0
o oxlx ™ x|o|x
X|0|0 O|X|X
X 6}
o/\o +1/\0
O[X|X O|X|X X|O|X X|O|X
X|0|0 X]|0|O O[X|X O|X]|X
0 X O|X 0|0 O] |0
T T B
O[X|{X O|X|X X|0|X X|O|X
X|0|0 X|O|O OIX[X O|X]|X
O[X|X X|O|X X|0|0 O|X|O
draw draw X wins draw
© +1
X 0
O
X X
W [~
X|X|0 X 0 X 0]
0|0 O|O(X 0|0
X X X X X|X|X
;1/\0 +1/\0 X wins
X|X|O0 X|X|O X|0|0 X| |O
0|0|0 0|0 0|0|X 0O|0|X
X X X|O|X X X X|O|X
O wins 0‘ +1‘ 0‘
X|X|O X|O|O X|X|O
0O|0|X O|0[X O0|0|X
X[O|X X|X|X X|OfX
draw X wins draw
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39. Proof by strong induction: Basis step: When there are
n = 2 stones in each pile, if first player takes two stones from
a pile, then second player takes one stone from the remaining
pile and wins. If first player takes one stone from a pile, then
second player takes two stones from the other pile and wins. In-
ductive step: Assume inductive hypothesis that second player
can always win if the game starts with two piles of j stones
for all 2 < j <k, where k > 2, and consider a game with
two piles containing k + 1 stones each. If first player takes all
the stones from one of the piles, then second player takes all
but one stone from the remaining pile and wins. If first player
takes all but one stone from one of the piles, then second player
takes all the stones from the other pile and wins. Otherwise
first player leaves j stones in one pile, where 2 < j < k, and
k + 1 stones in the other pile. Second player takes the same
number of stones from the larger pile, also leaving j stones
there. At this point the game consists of two piles of j stones
each. By the inductive hypothesis, the second player in that
game, who is also the second player in our actual game, can
win, and the proof by strong inductionis complete. ~ 41. 7;49
43. Value of tree is 1. Note: The second and third trees are the
subtrees of the two children of the root in the first tree whose
subtrees are not shown because of space limitations. They
should be thought of as spliced into the first picture.
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Section 10.3

1. 0

2.3

1.1 1.2
0<1<1.1<12<2<3
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1.2.1.1

5.No 7.a,b,d,e, f,g,c 9.a,b,e,k,l,m, f,g,n,r,
s,c,d,h,o0,i,j,p,q 11.d,b,i,e,m, j,n,0,a, f,c, gk,
h,p,l 13.d, f,g,e,b,c,a 15.k,1,m,e, f,r,s,n,g,b,
c,0,h,i,p,q,j,d,a

17. a) +

NN

NN
A

b) ++x *xxy/xy, +x/ +*xyxy ) xxy * +xp/+, xxy *
X+y/+ ) ((x+@*y)+@/y), (& +(((x *y)+x)/))

19. a) -

ﬂ/\U

b)-NABUA-BA ¢)ABNABA-U-

d)(ANB)—(AU(B—A)) 21.14 23.a)1 byl c)4
d) 2205
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27. Use mathematical induction. The result is trivial for a list
with one element. Assume the result is true for a list with
n elements. For the inductive step, start at the end. Find the
sequence of vertices at the end of the list starting with the
last leaf, ending with the root, each vertex being the last
child of the one following it. Remove this leaf and apply the
inductive hypothesis.  29. ¢, d, b; f.8,h,e,a in each case
31. Proof by mathematical induction. Let S(X) and O(X) rep-
resent the number of symbols and number of operators in the
well-formed formula X, respectively. The statement is true
for well-formed formulae of length 1, because they have 1
symbol and 0 operators. Assume the statement is true for all
well-formed formulae of length less than n. A well-formed
formula of length n must be of the form *XY, where * is an
operatorand X and V" are well-formed formulae of length less
than n. Then by the inductive hypothesis S(xX¥) = S(X )+
ST)=[0(X) + 11 4+ [0(Y) + 1]=0(X)+ O(Y) + 2.
Because O(xXY) =1+ O0(X)+ O(Y), it follows that
S(*XY)=0(XY)+1. B.xy+zxot+xo,xyz++
YX++,xyxyooxyoozo+, xzxzz+o, yyyyooo,
zx+yz+ o, for instance

Section 10.4

.m—-n+1
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15.

17. a) A path of length 6  b) A path of length 5 ¢) A path
oflength6 d) Depends on order chosen to visit the vertices;
may be a path of length 7 19. With breadth-first search, the
initial vertex is the middle vertex, and the n spokes are added
to the tree as this vertex is processed. Thus, the resulting tree
is K ,. With depth-first search, we start at the vertex in the
middle of the wheel and visit a neighbor—one of the vertices
on the rim. From there we move to an adjacent vertex on the
rim, and so on all the way around until we have reached every
vertex. Thus, the resulting spanning tree is a path of length n.
21. With breadth-first search, we fan out from a vertex of de-
gree m to all the vertices of degree n as the first step. Next,
a vertex of degree n is processed, and the edges from it to all
the remaining vertices of degree m are added. The result is
a K, ,-; and a K ,,—; with their centers joined by an edge.
With depth-first search, we travel back and forth from one
partite set to the other until we can go no further. If m = n or
m =n — 1, then we get a path of length m +n — 1. Other-
wise, the path ends while some vertices in the larger partite set

e Z c d h

Y

have not been, visited, so we back up one link in the path to a
vertex v and then successively visit the remaining vertices in
that set from v. The result is a path with extra pendant edges
coming out of one end of the path. 23. A possible set of
flights to discontinue are: Boston—New York, Detroit-Boston,
Boston—Washington, New York—Washington, New York—
Chicago, Atlanta—Washington, Atlanta-Dallas, Atlanta—Los
Angeles, Atlanta—St. Louis, St. Louis—Dallas, St. Louis—
Detroit, St. Louis—Denver, Dallas—San Diego, Dallas—Los
Angeles, Dallas—San Francisco, San Diego-Los Angeles, Los
Angeles—San Francisco, San Francisco-Seattle.  25. Trees
27. Proof by induction on the length of the path: If the path
has length 0, then the result is trivial. If the length is 1, then u
is adjacent to v, so u is at level 1 in the breadth-first spanning
tree. Assume that the result is true for paths of length /. If the
length of a path is / + 1, let ' be the next-to-last vertex in
a shortest path from v to u. By the inductive hypothesis, u’
is at level / in the breadth-first spanning tree. If u were at a
level not exceeding /, then clearly the length of the shortest
path from v to # would also not exceed /. So u has not been
added to the breadth-first spanning tree yet after the vertices
of level / have been added. Because u is adjacent to »’, it will
be added at level / + 1 (although the edge connecting »’ and
u is not necessarily added).  29. a) No solution
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31. Start at a vertex and proceed along a path without repeat-
ing vertices as long as possible, allowing the return to the start
after all vertices have been visited. When it is impossible to
continue along a path, backtrack and try another extension of
the current path. ~ 33. Take the union of the spanning trees of
the connected components of G. They are disjoint, so the re-
sult is a forest. 35.m —n+c¢  37. Use depth-first search
on each component.  39. If an edge uv is not followed while
we are processing vertex  during the depth-first search pro-
cess, then it must be the case that the vertex v had already
been visited. There are two cases. If vertex v was visited af-
ter we started processing u, then, because we are not finished
processing u yet, v must appear in the subtree rooted at u (and
hence, must be a descendant of u). On the other hand, if the
processing of v had already begun before we started process-
ing u, then why wasn’t this edge followed at that time? It must
be that we had not finished processing v, in other words, that
we are still forming the subtree rooted at v, so u is a descendant
of v,and hence, visanancestorofu.  41. Certainly these two
procedures produce the identical spanning trees if the graph
we are working with is a tree itself, because in this case there
is only one spanning tree (the whole graph). This is the only
case in which that happens, however. If the original graph has
any other edges, then by Exercise 39 they must be back edges
and hence, join a vertex to an ancestor or descendant, whereas
by Exercise 40, they must connect vertices at the same level
or at levels that differ by 1. Clearly these two possibilities
are mutually exclusive. Therefore there can be no edges other
than tree edges if the two spanning trees are to be the same.
43. Because the edges not in the spanning tree are not followed
in the process, we can ignore them. Thus we can assume that
the graph was a rooted tree to begin with. The basis step is
trivial (there is only one vertex), so we assume the inductive
hypothesis that breadth-first search applied to trees with n ver-
tices have their vertices visited in order of their level in the
tree and consider a tree T with n + 1 vertices. The last vertex
to be visited during breadth-first search of this tree, say v, is
the one that was added last to the list of vertices waiting to
be processed. It was added when its parent, say u, was being
processed. We must show that v is at the lowest (bottom-most,
i.e., numerically greatest) level of the tree. Suppose not; say
vertex x, whose parent is vertex w, is at a lower level. Then w
is at a lower level than u. Clearly v must be a leaf, because any
child of v could not have been seen before v is seen. Consider
the tree 7" obtained from T by deleting v. By the inductive
hypothesis, the vertices in 7’ must be processed in order of
their level in T’ (which is the same as their level in T, and the
absence of v in T’ has no effect on the rest of the algorithm).
Therefore « must have been processed before w, and therefore
v would have joined the waiting list before x did, a contradic-
tion. Therefore v is at the bottom-most level of the tree, and
the proofis complete. ~ 45. We modify the pseudocode given
in Algorithm 2 by initializing m to be 0 at the beginning of
the algorithm, and adding the statements “m := m + 1” and
“assign m to vertex v” after the statement that removes vertex
vfromL. 47.Ifadirected edge uv is not followed while we
are processing its tail # during the depth-first search process,
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then it must be the case that its head v had already been visited.
There are three cases. If vertex v was visited after we started
processing u, then, because we are not finished processing u
yet, v must appear in the subtree rooted at # (and hence, must
be a descendant of u), so we have a forward edge. Otherwise,
the processing of v must have already begun before we started
processing . If it had not yet finished (i.e., we are still forming
the subtree rooted at v), then u is a descendant of v, and hence,
v is an ancestor of u (we have a back edge). Finally, if the pro-
cessing of v had already finished, then by definition we have
a cross edge. 49.Let T be the spanning tree constructed
in Figure 3 and T}, T, T3, and T} the spanning trees in Fig-
ure 4. Denote by d(T’, T") the distance between T’ and T".
Then d(T, 1)) =6, d(T,T>) =4, d(T,T5) =4, d(T, Ts) =
2,d(T\,Ty) = 4,d(T), T3) = 4,d(T1, Ts) = 6,d(T, T5) = 4,
d(T>,T4) = 2,and d(T3, Ts) = 4. 51. Suppose e; = {u, v}
is as specified. Then T, U {e,} contains a simple circuit C
containing e;. The graph T} — {e;} has two connected compo-
nents; the endpoints of e; are in different components. Travel
C from u in the direction opposite to e; until you come to the
first vertex in the same component as v. The edge just crossed
is e. Clearly, T, U {e;} — {e,} is a tree, because e, was on C.
Also T} — {e;} U {e,} is a tree, because e, reunited the two
components.

53. Exercise 18:  Exercise 19:  Exercise 20:

a b a b a b c
———o
—<o
c d 4 d e
Exercise 21: Exercise 22: Exercise 23:
a b c a b c c f i 1
> <9 I—«{
b e oh ok
d e f e d a d g j

55. First construct an Euler circuit in the directed graph. Then
delete from this circuit every edge that goes to a vertex pre-
viously visited. ~ 57. According to Exercise 56, a directed
graph contains a circuit if and only if there are any back edges.
We can detect back edges as follows. Add a marker on each
vertex v to indicate what its status is: not yet seen (the initial
situation), seen (i.e., put into T) but not yet finished (i.e.,
visit(v) has not yet terminated), or finished (i.e., visit(v) has
terminated). A few extra lines in Algorithm 1 will accomplish
this bookkeeping. Then to determine whether a directed graph
has a circuit, we just have to check when looking at edge uv
whether the status of v is “seen.” If that ever happens, then we
know there is a circuit; if not, then there is no circuit.
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Section 10.5

1. Deep Springs—Oasis, Oasis—Dyer, Oasis-Silverspeak,
Silverspeak—Goldfield, Lida-Gold Point, Gold Point—Beatty,
Lida—Goldfield, Goldfield-Tonopah, Tonopah—Manhattan,
Tonopah—Warm Springs 3. {e, f}, {c, [}, {e, h}, {h, i},
{b,c}, {b,d}, {a, d}, {g, h}

5. 0 Chicago New York
San Francisco $120

Atlanta

7-{e, f} {a. d}, {h, i}, (b, d}, {c, f}, (e, h}, {b, ¢}, {g. h}

11. Instead of choosing minimum-weight edges at each stage,
choose maximum-weight edges at each stage with the same
properties.

13. a b 15.

17. First find a minimum spanning tree T of the graph G with
n edges. Then for i = 1 to n — 1, delete only the ith edge of
T from G and find a minimum spanning tree of the remain-
ing graph. Pick the one of these n — 1 trees with the shortest
length. 19. If all edges have different weights, then a con-
tradiction is obtained in the proof that Prim’s algorithm works
when an edge e is added to T and an edge e is deleted,
instead of possibly producing another spanning tree.

21. a b c d

——o
3 1 2
e f g0—3—oh
4 2 4
—o
i j 1

23. Same as Kruskal’s algorithm, except start with T := this
set of edges and iterate fromi = 1 toi =n — 1 — s, where s
is the number of edges you start with.

25. a) Chicago New York
San Francisco_ 1200

Atlanta
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27. By Exercise 24, at each stage of Sollin’s algorithm a forest
results. Hence, after n — 1 edges are chosen, a tree results. It
remains to show that this tree is a minimum spanning tree. Let
T be a minimum spanning tree with as many edges in common
with Sollin’s tree S as possible. If T # S, then there is an edge
e € § — T added at some stage in the algorithm, where prior
to that stage all edges in S are also in T. T U {e} contains a
unique simple circuit. Find an edge ¢’ € S — T and an edge
€’ € T — § on this circuit and “adjacent” when viewing the
trees of this stage as “supervertices.” Then by the algorithm,
w(e’) < w(e"). Soreplace T by T — {e”} U {€'} to produce a
minimum spanning tree closer to S than T was.  29. Each of
the r trees is joined to at least one other tree by a new edge.
Hence, there are at most /2 trees in the result (each new tree
contains two or more old trees). To accomplish this, we need
to add r — (r/2) = r/2 edges. Because the number of edges
added is integral, it is at least [r/2]. 31.If k > logn, then
n/2¥ < 1,50 [n/2¥] = 1, so by Exercise 30 the algorithm is
finished after at most log n iterations.

Supplementary Exercises

1. Suppose T is a tree. Then clearly T has no simple circuits.
If we add an edge e connecting two nonadjacent vertices  and
v, then obviously a simple circuit is formed, because when e
is added to T the resulting graph has too many edges to be a

. tree. The only simple circuit formed is made up of the edge

e together with the unique path P in T from v to u. Suppose
T satisfies the given conditions. All that is needed is to show
that T' is connected, because there are no simple circuits in the
graph. Assume that T is not connected. Then let # and v be in
separate connected components. Adding e = {u, v} does not
satisfy the conditions. 3. Suppose thatatree T has n vertices
of degreesdy, dy, .. ., dy, respectively. Because 2e = ) ;_, d;
and e=n — 1, we have 2(n — 1) = }__, d;. Because each
d; > 1, it follows that 2(n — 1) =n+ ) \_,(d; — 1), or that
n—2=Y_(d; — 1). Hence, at most n — 2 of the terms of
this sum can be 1 or more. Hence, at least two of them are 0.
It follows that d; = 1 for at least two values of i. 5. 2n —2
7. T has no circuits, so it cannot have a subgraph homeo-
morphicto K33 orKs. 9. Color each connected component
separately. For each of these connected components, first root
the tree, then color all vertices at even levels red and all ver-
tices at odd levels blue.  11. Upper bound: k"; lower bound:
20k /274!
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13.
By By B

i

15. Because By is formed from two copies of By, one shifted
down one level, the height increases by 1 as k increases by 1.
Because By had height 0, it follows by induction that B; has
heightk. 17. Because the root of By, is the root of By with
one additional child (namely the root of the other By), the de-
gree of the root increases by 1 as k increases by 1. Because
By had a root with degree 0, it follows by induction that By
has a root with degree £.

n \ /\ %\
So Sy S, S;

Sy

21. Use mathematical induction. The result is trivial for k = 0.
Suppose itistrue for k — 1. Tj_ is the parent tree for 7. By in-
duction, the child tree for T can be obtained from Ty, .. ., Ty_»
in the manner stated. The final connection of r4_, to r;_; is
as stated in the definition of Sy-tree.
23. procedure level(T" ordered rooted tree with root r)
queue = sequence consisting of just the root »
while gueue contains at least one term
begin
v := first vertex in queue
listv
remove v from queue and put children of v onto
the end of queue
end
25. Build the tree by inserting a root for the address 0, and then
inserting a subtree for each vertex labeled i, for i a positive
integer, built up from subtrees for each vertex labeled i.j for
Jj apositive integer, and soon. 27.a) Yes b)No c) Yes
29. The resulting graph has no edge that is in more than one
simple circuit of the type described. Hence, it is a cactus.

<) N S < M-

Answers to Odd-Numbered Exercises S-71

37. 6 39.a)0for00,11 for01, 100 for 10, 101 for 11 (exact
coding depends on how ties were broken, but all versions are
equivalent); 0.645n for string of length n  b) 0 for 000, 100
for 001, 101 for 010, 110 for 100, 11100 for 011, 11101 for
101, 11110 for 110, 11111 for 111 (exact coding depends on
how ties were broken, but all versions are equivalent); 0.5326n
for string of length n  41. Let G’ be the graph obtained by
deleting from G the vertex v and all edges incident to v. A min-
imum spanning tree of G can be obtained by taking an edge of
minimal weight incident to v together with a minimum span-
ning tree of G'.  43. Suppose that edge e is the edge of least
weight incident to vertex v, and suppose that T is a spanning
tree that does not include e. Add e to T, and delete from the
simple circuit formed thereby the other edge of the circuit that
contains v. The result will be a spanning tree of strictly smaller
weight (because the deleted edge has weight greater than the
weight of e). This is a contradiction, so T must include e.

CHAPTER 11

Section 11.1

La)l bl 0 d0 3.a)1-D+0-1+0)=
1+0+0)=1+(1+0)=1+1=1
b)(TAT)V(~(FAT)VF)=T

SaxTy 7]y DxTyz] x+yz
111110 11111 1
11110 0 111]0 1
11011 0 1{0]1 1
11010 0 110]0 1
011]1 1 0f1]1 1
of1]0f 1 0[1]0 0
ofofj1fo0 0101 0
00|00 01]0]0 0

W[y +mz  Dx[y[z] x0z+72)

111f1 0 1{1]1 1
1110 1 1{1]0 0
1101 1 110]1 0
1{0]0 1 11010 1
0f1f1 1 01111 0
0of1f0 1 011]0 0
010f1 1 010]1 0
010]0 1 01]0]0 0




